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are neglected to simplify the problem. The trajectory is divided into
10 subintervals during the first stage and 6 during the second stage.
The initial guesses for the costates were the same as used for the
previous example.

Figure 1 shows the control variable histories for the two examples.
The inequality constraint is active for a short time, during the first
stage, when the angle of attack is used as the control variable, as
seen from Fig. 1. Figure 2 shows the Hamiltonian histories. The
Hamiltonians are zero in the second stage as the final time is free.
Figures 3 and 4 show the total computational and communication
times (four iterations each) and speedup performance as a function
of the number of processors for the two examples. Also included
in these figures are the central processing unit (CPU) times for the
same code to run on different serial computers. It is observed that
the computational time for the second example is much lower than

the first due to the elimination of the angle-of-attack dependency of
the aerodynamic coefficients.

Conclusions
Implementation of a parallel shooting method on a parallel com-
puter for solving a variety of optimal control and guidance problems
has been presented. It is observed that a speedup of nearly 7 to 1 is
achieved using 16 processors for the examples considered. Further

improvements in performance might be achievable by parallelizing
in the state domain.
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Estimation of Fractional
Brownian Motion and Markov
Noise Parameters
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I. Introduction and Conclusions

HE parameters in a trend, random walk, exponentially corre-

lated, and white noise Markov approximation to flicker noise
[—1 log-log power spectral density (PSD) slope!~3] are estimated
using maximum likelihood system identification. In addition, pa-
rameters for a fractional Brownian motion (fBm)*> model of flicker
noise plus trend or white noise are estimated using maximum like-
lihood gradient iterations, in contrast to previous work using brute
force search to estimate a single fBm parameter.%

II. Maximum Likelihood Estimation
Let z¥ = [z1,...,zn]7 be measurements at times fq,..., fy
with joint probability density p(z; &) dependent on parameters o =
lag, ..., 7. Let Aa; = &; — oo be adjustments from guesses
a jo towards the maximum likelihood estimates &; that minimize the
negative log likelihood ¢ (zV; @) = — In[p(z"; @)]. A Taylor series
expansion of the gradient of £ (zV; &) yields
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The Fisher information approximation replaces A by its expected
value I:

9°¢(z"; @) 92(zN; @) 82(2Y; @)

jRL=E|l—/———|=E 3

Aij / E[ du; 00 do; da; ®
where the covariance of @ has the Cramer-Rao lower bound” 1!,

III. Maximum Likelihood System Identification

Consider the discrete time state space model with vector mea-
surements z:

x(t) = P(@)x(t-1) + Bleu(te-1) + L@EBe-1) (4

z(t) = H{(@)x (%) + 0(t) 5

The initial state x(fp) is a Gaussian random vector with mean
E{x(ty)} = xo(x) and covariance Py(x). The plant and mea-
surement noise processes are zero mean, discrete, white noises
with covariances E{£(t))E(t)} = Q(a)8j and E{8(t;)6 (%)} =
R{0r)é i, respectively.

Given values for the dynamic and stochastic parameters o, run-
ning a Kalman filter yields the propagated state X (f; | fx~1), its co-
variance P (t; | t;_1), the zero mean pre-update residual innovations
sequence and its covariance

r(t) = zt) — HE(t | temy) ©)

S(t) = E{r(r)") = HP( | 6-)H” + R(1) (D)

and the updated state X (#,) and its covariance P (#).

The conditional probability density of the measurement z(f)
at time 7, given measurements and initial condition zF~!
[zCte=1), z(tk—2), . .., 2(t1), x (fo)] up to time #;; is

plz@) 127] = @)~ 2detS (1012
« e~ @7 st~ twl2 ' (®8)
where p is the dimension of the observation vector and det(S) is the

determinant of S. The negative log likelihood of the measurements
through time ty is

N
(@) =Y ¢[z@) 12 o] +elxtiel (9

where by Eq. (8) with n the dimension of the initial state vector
x (%)

t[z@) 1] = g In(2m) + % In{det[S(t:; o)1}

+ %r(rk; ) St @) r (1 @) (10)
tx(to); al = = 1n(27r) + = 1 ln[det(Po)]

—[x(to) — x0]" Py ' [x (t0) — X0l an

Maximum likelihood system identification” ! iteratively uses the

equations in Sec. Il to estimate «, with the gradient of (@ o)
being!®1?

00y o~ 3¢z 1] acix(); el
do —Z do; + da; (12)

k=1
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where [for the trace term see Eq. (25)]

a k—l;
—-————C[Z(tk)lz a] = ltrace{S(tk)' 1 08¢ k)] + ()’
oa; 2 da;
xS orw 1 Sr TS ( )S(tk) r)  (13)

30(,‘

b to); 1 1 0P
{[x(t); ] = Lirace| Pt 200 (14)
da; 2" Bay
The Fisher information approximation to the coefficient matrix
in Eq. (1) is!%1?

N
or ()T ar()
A;j%]I,-jsz{tracel: S B, —58(8)" ]

+ltrac l: S N 1350 —S(t)” ]}
2 da; du

J

3 X0 axo 1 a 0 . _ BP()
t — —F —tr —F ——P 15
+ race[ da; Baj ] + = 3 ace [3(1,- 5, (15)

IV. System Identification Results

We model trend, random walk, exponentially correlated, and
white noise by Eqs. (4) and (§) with At =t ~ 4, H =[11],

= [v?], Bu = [aAt 0]7, and
L_[b o
- 0 C1C

1 0
¢ = 0 e—clAt ’

10
Q:Atl:o l] (16)

The system identification estimates from fitting to simulated data
with random number generated Wiener process Gaussian incre-
ments & (f;) every At = 0.1 s are given in Table 1. The first two
result columns solve for all parameters except uncorrelated initial
state standard deviations, which were assumed to be 0.01 and 0.1,
respectively. The last column gives the estimates for a one-state
model without exponentially correlated noise.

Estimates of trend, random walk, and white noise parameters are
insensitive to the values of the initial state standard deviations. More
frequent data are required to estimate the exponentially correlated
noise parameters and obtain a positive scaling parameter.

The PSD calculated from real 1-s input-axis-vertical accelerom-
eter data is the solid line in Fig. 1 with a high-frequency +2
log-log quantization line slope and an approximately —1 log-log
low-frequency slope. The PSD of 10-s averaged data is the dotted
line in Fig. 1.
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Fig. 1 Power speciral density of input-axis-vertical accelerometer
output.
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Table 1 Results of system identification fits to simulated sample paths (trend, random walk,
exponentially correlated, and white noise for 3276 0.1-s points)

Estimated values

True
Parameter values Py = 0.012 Py=0.12 Py =0.12
Initial cond.:  xp, units 0.00 0.0006 % 0.01 0.058 £ 0.01 —0.045 £ 0.096
X2, UNits 0.00 —0.0002 £ 0.01 —0.013+0.1 —_—

Trend: a, units/s 1.00 0.982 & 0.054 0.982 £ 0.054 0.982 £ 0.054
Random walk st. dev b 1.00 0.988 +£0.10 0.987 £0.10 0.981 +0.023
Exp. corr. noise: not included

Inv. time const. ¢y, 1/s 0.64 1.843 + 0.40 1.842 4 0.40 0.00

Scaling param. ¢, units 1.56 —0.869+0.23 —0.870 £0.23 0.00
White noise st. dev. v, units 0.10 0.160 + 0.031 0.160 £ 0.031 0.142 + 0.008

Table 2 Results of system identification fit to 10-s averaged accelerometer data
(initial state standard deviations 10, 1)

Parameter 3000 points 4850 points
Initial cond.: xy, units 0.00 £ 10.0 0.104+10.0
X2, units —0.158 +1.0 0.002 £+ 1.0

Trend: a, units/s
Random walk st. dev. b
Exp. corr. noise:

Inv. time const. ¢q, 1/s

209 x 1075+£28 x 1073
510 x 107312 x 1073

5.74 %1073+ 1.5 x 1073

794 x 1077 £ 2.7 x 1073
589 x 1073 +£1.0x 1073

6.59x 1073+ 1.4 x 1073

Scaling param. ¢, units 2.70 £0.86 276 £0.54
White noise st. dev. v, units 0.174 £ 0.003 0.173 £ 0.002
Rms pre-update residual, units 0.20 0.20

The results of fitting model Eqgs. (4), (5), and (16) to 3000 and
4850 points of 10-s averaged accelerometer data are given in Table 2.
The PSD of a simulated sample path using the estimated parameters
was almost the same as the dotted line in Fig. 1, showing that flicker
noise has been approximated by a combination of random walk,
exponentially correlated, and white noise.

V. Fractional Brownian Motion Parameter Estimation

Fractional Brownian motion B4(0 < H < 1) is defined as a
mean-square-continuous zero-mean Gaussian stochastic process by
the Ito stochastic integral*>:

1
Pt ) = w05
0
x { / [ — "2 — (=s)"~Y2] 4Bs, )
+f(t—s)H"/2dﬁ(s,w)} a7
0

where o is the probability variable and B is a Wiener random walk
process. The log-log PSD slope of fBm is —(1 + 2H).

The non-Markov fBm has stationary, self-similar, but not inde-
pendent increments (except when H = 0.5 for ordinary Brownian
motion) with covariance®

E{[Bu(t + 1) — Bu®} = Var?¥ (Ve = const) (18)

Let By now denote a constant times fBm. Its autocorrelation at
times 7; = jAf and t; = kA¢ is%1?

@ps(J, k) = E{Br(t;)Bu(t)}
= Lo AP PR + kPP — | j — k7] (19)

where oy = Vj times the constant. The correlation or covariance

between two zero-mean fBm increments X () = By (te+1) — Bu (&)
: 6,12
is®

Gux(k + 1, k) = E{X (b)) X (1)}

= 3A 6 In + 1P = 2[nPP" + |n — 1] (20)

so that ¢, (k +n, k) = ¢ (n).
If measurements z; are fBm (or fBm increments) plus a bias b,
then the joint probability density of the measurements is

P, ... zy) = Q) N det(S) 2«02 gy

Sy = {fl)ﬁﬂ(i,j) fBm

| ¢ue(li — jI) fBmincrements (22)

Ifthereis atrendin the datain addition tonoise, then b = ag + a kAt
for the fBm case, and b = a At for the fBm increment case.

If white noise with standard deviation o,, and exponentially cor-
related noise with reciprocal time constant ¢; and scaling parameter
¢, are additive to and uncorrelated with the fBm noise in the mea-
surements, then'?

.. Clcg —cli—jlAr
Sij = dpp(i, j) + Owbyj + e !

(23)
In the fBm increment case,?
Sij = e (i — jI) + 0 (28,—j10 — 8ji—j1,1)
Clc% —cyli—jlAt —crli—j—1|At —cpli—j+ljar
+T[2€ i —e —e ‘1 ] (24)

The partial derivatives of the negative log likelihood with respect
to the noise and trend parameters are straightforward to calculate
from Egs. (21-24) using!?

d1n[det(5)] _ trace| S~ 83 25
£y - oa

V1. Fractional Brownian Estimation Results
Iterative maximum likelihood fits were done to 128 simulated®
fBm data points with the fBm and fBm increment models with
At = 1.0 s. Both techniques yielded the same results close to the
true values H = 0.1 and oy = 1.0:

H =0.109 £0.03, oy = 0.988 £0.07 (26)
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Table 3 Parameter estimates from fits to simulated fBm plus
trend (og = 0.7, H = 0.4, At = 1.0 s, 128 points)

Case a oy H
Da=1.5 1.486 + 0.02 0.914 £ 0.04 0.301 £ 0.03
2a=5.0 4.986 £0.02 0.914 £0.04 0.301 £0.03

Table 4 Parameter estimates from fits to simulated fBm plus
white noise (o =0.7, H=0.4, At=1.05)

Case Om oH H
Doy, =0.025(128 pts) 0271 £0.09 0.522£0.09 0.599 £0.11
2) o = 0.25 (128 pts) 0.353£0.16 0.651+0.17 0.461 £0.13
3) o1 = 0.25 (200 pts) 0.402+0.08 0.571+0.10 0.556+0.10
4) o, = 1.00 (128 pts) e —_— _—

5) o = 1.00 (200 pts) 0.838+0.19 0.8994+0.32 0.350+£0.13

The results of fitting to simulated fBm plus a trend and to sim-
ulated fBm plus white noise with the increment model are given
in Tables 3 and 4. Case 4 in Table 4 would not converge until the
number of data points was raised from n = 128 to 200 in case 5.

Fits to simulated {Bm plus exponentially correlated noise with
At =10, H =04, 05 = 0.7, ¢; = 0.5, and ¢, = 0.9 failed with
n = 128 and 200 measurements.

Fractional Brownian motion parameters were estimated from 128
points of 150-s averaged accelerometer data from Fig. 1:

H =0.212 4 0.04, oy =2.7254+0.72 27

which yields a log-log PSD slope of —1.424.
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Aircraft Controller Synthesis
by Solving a Nonconvex
Optimization Problem

R. Srichander*
Technische Universitdt Berlin, 10587 Berlin, Germany

Introduction

DESIGN technique for the synthesis of the pitch axis controller
for an aircraftis presented in this Note. The proposed technique
assumes a single-input multi-output system, and the type and order
of the controller are assumed to be selected by the designer to reflect
specific design requirements. The controller design problem is posed
as a parameter optimization problem where the objective function
is to minimize the infinity norm of a suitable error transfer function.
Formulation of the cortroller design problem as a parameter op-
timization problem with a time-domain performance criterion has
been examined earlier,’"> and the problem has been solved us-
ing nonlinear programming (NLP) techniques. Unfortunately, the
parameter optimization problem for fixed-order compensators is in-
variably nonconvex in the space of the design parameters, and hence,
only a local minimum can be obtained. Direct design of low-order
compensators using other techniques also leads to solutions having
many local minima.

In this Note, the controller design problem is formulated as a
frequency-domain model-matching problem. The proposed tech-
nique is new both in the way the optimization problem is formulated
and in the solution method used to find the optimal design parame-
ters. In particular, we use the simulated annealing (SA) technique*>
to solve the optimization problem since this problem is nonconvex
in the space of the design parameters. The application of the SA
technique to solve controller design problems is new, and this Note
explores the applicability of SA to controller design problems by
considering a practical example from the field of aircraft control.
For the sake of comparison, the solution to the optimization problem
obtained using the NLP technique is also presented.

Problem Formulation

The specific problem to be considered here is the design of the
pitch axis controller of an aircraft. It is assumed that the linearized
longitudinal dynamics of the aircraft can be represented by the state-
space description

X = Ax + BSé, y =Cx + D3§, (1)
where §, is the elevator input. The state-variable matrices for the
design example considered are given in Table 1. Here it is assumed
that the output variables available for feedback are pitch rate g,
normal acceleration nz, and angle of attack «. For the purpose of
illustrating the design technique, it is assumed that the controller
structure to be implemented in the various loops have the form
shown in Fig.1. In practice, the controller type and order can be
completely arbitrary in each of the loops and, further, the number
of feedback loops are also not fixed a priori. The only point to be
kept in mind is that, given a single input, it is possible to arbitrarily
shape only one output variable of interest.

Again for the purpose of illustration, it is assumed that the pitch
rate is the output variable of interest, whose response has to be
shaped to meet the handling quality specifications.® In particular,
MIL-STD-1797AS requires that, for flight phases other than landing
and take-off (which include air-to-air combat, rapid maneuvering,
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